Chaotic complex systems are utilized to characterize thermal convection of liquid flows and emulate the physics of lasers. This paper deals with the time-delay of a complex fractional-order Liu system. We have examined its chaos, computed numerical solutions and established the existence and uniqueness of those solutions. Ultimately, we have presented some examples. 
Introduction
In recent years, growing interest has been witnessed in investigating fractional-order chaotic systems related to a number of domains, including: chaotic phenomena, chaotic control, chaotic synchronization, etc. Many studies have proposed a wide variety of dynamic fractionalorder systems, of which integer-order systems are quite popular; these systems are capable of presenting complicated bifurcation and chaotic phenomena, such as, the fractional-order Lorenz system, the fractional-order Chen system, the fractional-order Liu system, and the fractionalorder unified system, which have the potential to present chaotic tendencies. Most recently, huge interest has been shown by researchers in studying different kinds of chaotic systems, with sophisticated parameters. These systems, which include sophisticated parameters, are used to identify the properties of a detuned laser, rotating fluids, disk dynamos, electronic circuits, and particle beam dynamics, in high energy accelerators. The distinctive chaotic complex Lorenz systems are employed to illustrate and emulate the physics of detuned lasers, and thermal convection of liquid flows.
It is noteworthy that, the complex model is the result of the research of Baroclinic models (such as, the Lorenz Model). This model assimilates with the equilibrium state of the environment, wherein the constant density surfaces are not equivalent to the constant gravitational surface potential [1] [2] [3] [4] [5] . A new chaotic system has been proposed by Liu et al. [6] . The fractional Liu system has been investigated in [7, 8] . They have reviewed few fundamental dynamic attributes of Liu system, and have mathematically examined the steady spectrum and chaotic behaviours of this novel butterfly attractor. As mentioned earlier, quite a number of studies have discussed complex chaotic systems [9, 10] . Generally, this system has been widely employed to and emulate the nature of tuned lasers. Related researches have created expressions based on Haken s work [11] . It is note worthy that physical functions, including acceleration and deceleration, might not have enough time contrasted with the time needed to traverse most ranges. Furthermore, in most of the population studies, biological process times such as, gestation periods and maturation times have been regarded, compared to the data collection times. Consequently, it is usually essential to integrate these process times in mathematical systems of population dynamics. These process times are generally known as delay times, and the systems, which include such delay times are known as delay differential equation (DDE) models. The Liu system with delay appears in the occurrence of chaos changeover. The present paper introduces the time-delay of a complex fractional-order Liu system (in terms of Caputo derivative) and has evaluated its chaos; we have also calculated precise solution and highlighted some examples. As the Caputo initial value supports both, homogeneous and nonhomogeneous problems, the Caputo method is considered superior to other fractional derivatives.
Preliminaries
We demand the following preliminaries, which can be found in [12, 13] .
Definition 1.
The fractional integral operator, of the function of order δ > 0 is read by 
Numerical settling
This section deals with the numerical settling of the following fractional system [14] :
(2) By applying the product trapezoidal quadrature formula we have,
where
Now replace the term ( +1 ) by the approximate predictor term ( +1 ) such that
[−γ 5 ( + 1) + η 2 1 ( + 1) + 2 2 ( + 1)
This error can be calculated by :
Fractional system with delay
A Complex system has the following formula : 
where 0 < µ ≤ 1 = 1 2 3; in this note we shall take µ ≥ 0 94 Consequently, (1) succumbs to the system
Here we have rewritten system (2) as
Existence and uniqueness
A function ∈ C 1 (J; R ) is said to be a solution of (1) if satisfies the equation
with the initial condition ( 0 ) = 0 Let := C 1 (J; R ) be a Banach space with the sup norm.
Theorem 2.
Assume that the function : S → R satisfies the following conditions of Carathèodory type:
is Lebesgue measurable with respect to ;

is continuous on B × B;
3. there exist a positive constant γ ∈ (0 µ) and a pos- (8) 
hence (P )( ) − (P )( ) → 0 when → ∞ This implies that P is continuous. Moreover, P satisfies P ≤ 0 + ; thus P is uniformly bounded. To complete our proof, we must show that P is relatively compact. Let 1 and 2 ∈ [ 0 0 + ] such that 1 < 2 we have 
Theorem 4.
Let the assumptions of Theorem 5.1 hold. and let Proof. We shall prove that operator P is a contraction
Hence, the operator P has a unique fixed point which is obviously a solution of (8). 
Corollary 5.
Conclusion
We have considered the complex fractional Liu system of five equations with delay. The fractional system is taken for different values of µ = 1 2 3 where µ 1 = 0 996 µ 2 = 0 997 µ 3 = 0 998 We had assumed the delay in time τ ∈ [0 0 5] We had modified numerical method for solving this system based on Matignon formula. Moreover, the existence and uniqueness were established by employing the Hölder inequality. The parameters were valued as σ = 10 ρ = 40 δ = 1 γ = 2 5 and η = 4 Figures 1,2 show the time series, Fig. 3 and Fig. 4 show the waveform and Fig. 5 shows the chaotic phase portrait for system (3) .
